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Abstract

For the majority of data mining applications,there are
nomodelsof datawhich wouldfacilitate thetaskof compar
ing recods of time series.\e proposea genericappoach
to comparingnoisetime seriesusingthe largestdeviations
from consistenstatistical behaviour For this purposewe
usea powerfulframevork basedonwaveletdecomposition,
which allowsfiltering polynomialbias, while capturingthe
essentialsingular behaviour In addition, we are able to
revealscale-wisaankingof singulareventsincludingtheir
scalefreecharacteristic: the Holder exponentWe usea set
of sudh characteristicsto designa compactrepresentation
of thetime seriessuitablefor directcomparisong.g. eval-
uation of the correlation product. We demonstate that the
distancebetweersud representationgloselycorresponds
with thesubjectivdeelingof similarity betweerthetimese-
ries. In order to testthe validity of subjectivecriteria, we
testthe recods of currencyexchanges, finding corvincing
levelsof (local) correlation.

Note: This work hasbeencarried out underthe Impact
project.

1. Introduction

Theimportanceof similarity measureg dataminingis
easilyunderestimatedThis is causedy the factthatmost
algorithmsassumerelationaldataandthe similarity is im-
plicity measuredby similarity (or evenequality)of values
for givenattributes. However, the importanceof similarity
measurebecomespparenthemomentoneconsidersnin-
ing non-relationadata,suchastime series.In suchcases,
patternsshoulddescribesetsof time serieswith similar be-
haviour and,thus,a similarity measures necessary

This similarity measurecould be implicit in completely
new algorithmswhichwork for this speciakypeof data.Or,

thesimilarity measureouldbeexplicit andusethestandard
datamining algorithms. In the context of time series,one
wayto achievethisis to extracta (fixed)numberof features
from the time seriessothatsimilar time serieshave similar
featureqe.g.,asnumericalvalues)andvice-versa. Thisis
the approachwe, and others[1, 2, 3, 4, 5], follow in our
researchln otherwords,we wantto definethe similarity of
time serieshrougha numberof features.

In generaltheissueof quantitatve similarity estimation
betweertime seriesin datamining applicationsseemingly
suffers from a seriousinternal inconsisteng: on the one
hand,onewantsthe similarity to be independentf a large
classof lineartransformationsik e (amplitude time) rescal-
ing, additionof lineartrendor constanbias. Thisis under
standablesince most suchoperationsaffect the parameter
valuesof commonlyusedestimatorge.g. powerspectrum),
or destrq ary stationaritypotentiallypresentn thetime se-
ries makingestimationimpossible.On the otherhand,the
subjectve, qualitative judgemenbf similarity (by humans)
is basedpreciselyon non-stationarnpehaiour; rapid tran-
sientsmarking beginningsof trends,extremefluctuations
andgenerallyspeakinglargebut rareevents.

Suchlocal fluctuations characteristidor singlerealisa-
tions, usually make statisticalestimationgdifficult andre-
sult in unreliableestimates. In particular it is common
knowledge that the evaluation of datadistributions from
shortdatasetsis an awkward task, resultingin unreliable
estimatesThereasorfor thisis limited statisticsin which
local fluctuationsof the dataoverride consistenstatistical
behaiour. However, whatis of greatdisadwantagefrom a
statisticalpoint of view canbeof advantagen anothercon-
text. In this paper we proposea methodof characterising
thetime serieswhichrelieson suchdeviationsfromthecon-
sistentstatisticalbehaiour ascausedy the non-stationary
behaiour of the data. We will shov how large local fluc-
tuationsin relatively shortdatasetscarry the relevantin-
formationaboutthe transientshape’of thetime series.In
particular we canthenmalke useof themin orderto pro-



vide avery compactetof characteristicef thetime series
usefulfor correlationor matchingpurposes.

But whatif thetime seriesdatain ourapplicationis long
enougho resultin goodstatisticalestimatesThewayto go
is, of course to reducethe datalengthin orderto increase
the influenceof large local fluctuations! What soundsun-
reasonablds perfectlyadmissibleandtechnicallypossible,
by the operationof coarsegrainingthe datausingso-called
waveletfilters, in the Wavelet Transformatiorscheme.In
this paper we will demonstratehow the Wavelet Trans-
form resultingfrom scale-wisedecomposingf time series
dataprovidesa naturalway to obtainscale-wisgankingof
eventsin thetime series.In additionto this, by evaluating
boththe local scalingestimatesandthe spectraldensityof
singularbehaiour in the time series,we will be ablelo-
cally to indicaterareeventsin time series.Thesewill next
be usedfor the purposeof (locally) correlatingtime series
usinglargeor rareevents.

In section2, we will focusontherelevantaspect®f the
wavelettransformationjn particularthe ability to charac-
terisescalefree behaiour of characteristieventsin time
seriesjike ‘crash’ singularities.Thelink betweersuchsin-
gularitiesand the non-stationarybehaiour of time series
will bepostulatedandtogethemwith the hierarchicakcale-
wise decompositiorprovided by the wavelet transform,it
will enableusto selecttheinterestingarge scalefeatures.

In section3, we will discussheh-representationf time
series, utilising the large scalecharacteristicavith expo-
nentsproperly estimated.The issuesof distancemetricin
the representatioandthat of correlationbetweenthe rep-
resentationwvill beaddresseth sectiord. Thisis followed
by the test caseof correlatingexamplesof curreny ex-
changerates. Section5 closesthe paperwith conclusions
andsuggestionsor futuredevelopments.

2. ContinuousWavelet Transform and its M ax-
ima Used to Reveal the Structure of the
Time Series

As already mentioned above, the recently introduced
Wavelet Transform(WT), seee.g. Ref. [6, 7], provides
a way of analysingthe local behaiour of functions. In

this, it fundamentallyiffersfrom globaltransformdikethe
Fourier Transform. In additionto locality, it possessethe
often very desirableability of filtering the polynomial be-
haviour to somepredefinediegree. Thereforecorrectchar

acterisatiorof time seriesis possible,in particularin the
presencef non-stationaritiedik e global or local trendsor

biases.Oneof the aspect®f the WT whichis of greatad-
vantagédor our purposés theability to revealthehierarchy
of (singular)featuresncludingtheir scalingbehaiour - the
so-calledscalefreebehaiour.

Conceptually the wavelet transformis a corvolution
productof the time serieswith the scaledand translated
kernel - the wavelet ¥(z), usually a n-th derivative of a
smoothingkernelf(x). Usually, in theabsencef othercri-
teria, the preferredchoiceis the kernelwell localisedboth
in frequeng and position. In this paper we have chosen
the Gaussia(z) = exp(—x?/2) asthe smoothingkernel,
which hasoptimallocalisationin bothdomains.

Thescalingandtranslatioractionsareperformedoy two
parametersthe scaleparametes ‘adapts’the width of the
waveletkernelto the microscopicresolutionrequired,thus
changingits frequeng contents,and the location of the
analysingwaveletis determinedy the parameteb:

r—>b
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wheres, b € R ands > 0 for the continuousrersionof the
Wavelet Transformatio(CWT).

Figure 1. Contin uous Wavelet Transform rep-
resentation of the random walk (Brownian

process) time series. The wavelet used is
the Mexican hat - the second derivative of
the Gaussian kernel. The coordinate axis are:
position =z, scale in logarithm log(s), and the
value of the transform W f(s,b).

In figure 1, we shav the wavelettransformof arandom
walk sampledecomposedvith the Mexican hat wavelet -
thesecondderivative of the Gaussiarkernel. Fromthe def-
inition, thetransformretainsall thetemporallocality prop-
erties- the positionaxisis in the forefront of the 3D plot.
The standardvay of presentinghe CWT is usingtheloga-
rithmic scale thereforethe scaleaxis pointing‘in depth’of
theplotis log(s). Thethird verticalaxisdenoteshe magni-
tudeof thetransformW (s, b). The 3D plot shows how the



wavelettransfornmrevealsmoreandmoredetailwhile going
towardssmallerscalesj.e. towardssmallerlog(s) values.
Therefore the wavelet transformis sometimegeferredto
asthe‘mathematicamicroscope’dueto its ability to focus
onweaktransientsandsingularitiesn thetime series.The
wavelet useddetermineghe optics of the microscope;its
magnificatiorvarieswith the scalefactors.

A usefulrepresentationvhich canbe derived from the
CWT andwhichis of muchlessredundang thanthe CWT
is the Wavelet TransformModulusMaxima (WTMM) rep-
resentationintroducedby Mallat [8]. In additionto transla-
tion invariance|t alsopossessethe ability to characterise
local singularbehaviour of time series.
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Figure 2. WTMM representation of the time
series and the bifur cations of the WTMM tree.
Mexican hat wavelet.

It consistof the maximalinesextractedfrom the CWT,
seefigure 2. Eachline is constructedrom local maxima
of the CWT with respecto thetime coordinateconnected
alongthescale.lt canbeshavn thateachsucha maximum
line corvergesto asingularityin thetime series', thusmak-
ing possiblethelocalisationof the singularity Moreover, it
canbeusedfor theevaluationof the Holderexponentof the
singularity:

W f(s,20) ~ |5,

if h(zo) < n + 1, wheren indicateghenumberof thevan-
ishingmomentf thewavelet(in theorderof thederivative
of Gaussiarkerneld™6(z)/dz™ in our case).Themeaning
of the Holder exponentcanbe looselyassociatedvith the
feeling of local roughnes®r regularity of the time series.
The higherthe Holder exponentthe moresmoothandreg-
ularthetime seriesin xzy.

Lon conditionthat the numberof vanishingmomentsof the waveletis
sufficient.

Supposethe time seriescan be locally approximated
with the Taylor seriesexpansionof f aroundzq up to the
ordern:

f(2) gy = cotcr(z—z0)+.. .+cn(x—x0)”+C|m—xo|h(z°)

Of coursejf h(xo) is smoothethansomen-th degreepoly-
nomial, the polynomialbiashasto beremovedin orderto
accesshesingularbehaiour h(xzo). Thisis why we areus-
ing awaveletwith n vanishingmomentswhich effectively
filters then-th degreepolynomialsbiasin thetime series.

3. The h-Representation

As alreadydiscussedn section2, the wavelet trans-
form removesthe polynomial bias, but at the sametime
it effectively ‘compressesthe informationaboutthe ‘non-
stationarity’into a pieceof local information. Moreover, it
revealsthe scale-wiseorganisatiorof singularities thusal-
lowing for the selectionof theinterestingstrongesevents.

In oderto arrive at a very compactepresentatioof the
time seriespnewouldlike to includea certain(predefined)
numberof suchfeaturesn it. The h-representatiormswe
will call it, will be obtainedby meansof selectinga pre-
definednumberof strongesmaximaandthentracingthem
belowthe representatioscaleat which they appeaythus
allowing betterlocalisationof singularfeaturesn thetime
domainanda morestableestimationof the » exponent2

For the sale of comparisonyve plot in figure 3 left, the
samplingof the input time serieswith 10 and 25 maxima
first appearingwvhile going down from the highestscale-
lowestresolution. Thereis a substantiabmountof detail
addedto the ‘approximation’with 25 maximacomparedo
thatwith 10, neverthelesshe strongesfeaturesemainun-
changed.In figure 3 right, we comparethe samplingwith
the 10 strongestmaximaagainstthe original time series.
Again, the largestfeaturesare well capturedby the sam-
pling proposed.

Note thatit is not the valuesof the function which are
retainedfor the sale of representinghetime seriesput the
correspondindeffective) Holder exponent. Indeed,gener
ally wewould notwantto bedependenbntheexactvalues
of thetime seriesput ratheremploy thescalefreecharacter
istics,locally independensf vertical rescalingandpolyno-
mial bias. Eventhoughwe discardthe actualvaluesof the
wavelet transformat the chosenmaximapoints, the signs
of thesevaluesaretakeninto therepresentationTheinfor-
mationcarriedby the signis complementaryo thatin the
Holder exponent- the pair (h(z;),signW f(x;))) is some-
what reminiscentof the (amplitude,phase)in the Fourier
Transform. In particular the sign will allow us to distin-
guishthetime seriesf (z) andits invertedversion— f (z).

2For practicaldetailson h-exponentestimatiorsee[9, 10].
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Figure 3. Top: the ‘approximation’ of the time
series using the 10 strongest maxima, over-
layed onto the ‘approximation’ using all 25
maxima at the scale considered log(s) = 6.
Bottom: the ‘approximation’ of the time se-
ries using the strongest 10 maxima, overlayed
onto the original time series.

In conclusiorto theabove considerationsye candesign
ourh-representatioto containthesetof acertainnumberof
thelargestfeaturesof thetime seriesat hand. The parame-
terscodedarethezx-coordinater; of theselectednaximum
linesw; atthe scales,,;,, the Holder exponenth(z;), and
the correspondingignof thewavelettransformW f(x;).

4. Experimentswith Similarity

We useda straightforvardalgorithmto evaluatethe sim-
ilarity betweerthe h-representationg-or eachsetof num-
bersassociatedvith therepresentatiofeatures, we useda
guadraticdistancemeasurewith separatdactorsfor posi-
tion andh exponent,f, and f;, respectiely:

dists(z,h) =1~ (fo Az2 + fn Ah2) )

whereA, = z — z; andA, = h — h; andz;, h; belongto
s - therepresentationf thetime series.

Therepresentatiothusdefinedis suitablefor determin-
ing thedistancemeasurdetweerthetime series.A simple
pointwiseproductwill shav how thetwo representations,
ands,, of thetime seriesin handarecorrelatedn thetime
z, andh exponentdomains:

corrs, s, (z, h) = dists, (z, h) dists,(z,h) . 2

We took the recordsof the exchangerate with respect
to USD over the period 01/06/73- 21/05/87. It contains
daily recordsof the exchangeratesof five currencieswith
respecto USD: PoundSterling, CanadiarDollar, German
Mark, Japanes&enandSwissFranc. (Somerecordswere
missing- we usedthe last known value to interpolatethe
missingvalues.) Below, in figure 4, we shav the plots of

therecords.
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Figure 4. Left above, all the records of the
exchang e rate used, with respect to USD over
the period 01/06/73 - 21/05/87.

All thetime seriesweredecomposedsingthe Mexican
hatwavelet. For each,the15 — 20 strongestnaximawere
selectecandfor eachof thesemaxima,the following were
retained:the positionof the maximumat thefine scale the
estimateof the Holder exponent,the sign of the WT value
atthelocationof themaximumatthefinestscale.

As the measuref similarity for our exampleswe have re-
spectiely: 3

1) GermanMark(ss) versusSwissFrancg,); total correla-
tion=0.793370

2) PoundSterling(s;) versusCanadiarDollar(s,); totalcor-
relation=0.287755

3) PoundSterling(s;) versusGermarnMark(ss); total corre-
lation= 0.408833

4) PoundSterling(s;) versusSwissFrancé,); total correla-
tion=0.375356

5) CanadiarDollar(s;) versusGermanMark(ss); total cor-
relation=0.314108

6) CanadiarDollar(s2) versusSwissFranck,); total corre-
lation=0.337519.

3Notethatall thesevalueswereobtainedncludingthe endcut-of and
the relatedsingularity at the beginning and at the end of the time series
record.(We hadto padwith zerosin orderto obtainpower of 2 for FFT).
Thesecut-of singularitiesaretrivially correlatedfor all time seriesand
addsomebiasto the correlationvalues. For all the abore examples,the
cut-of singularitiesaccounfor some0.1 — 0.2 correlation.



The pointwise correlations of the correspondingh-
representationgor the two example pairs are shavn in
figure 5. Even at the very low resolution of the h-
representationghe correlationplot corveys relevanttem-
poral information aboutthe local similarity of time series
matched. The time seriessz and s, correlatevery well
acrossthe entire sample. The time seriess; and s, only
startto shav somesignificantcorrelationafterz = 0.55 on
thenormalisedime axis.
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Figure 5. Top: German Mark versus Swiss
Franc. Bottom: Pound Sterling versus Cana-
dian Dollar. The pointwise correlation of the
corresponding h-representations is shown in
the bottom plots.

A possibleinterpretationis that the time seriess; and
s4 are permanentlystrongly coupledthroughsomepoliti-
cal/economicalinks. Consideringtheseare bothtime se-
ries from the EuropeariJnion, this is not an unlikely rea-
son. On the otherhand,the localisedbeginning of the cor-
relationsbetweerthe s; ands, time seriesnayhave some-
thing to do with animportantpolitical/economical/military
eventwhich thentook placeandhascoupledbothcurreny
systemssincethen. Alternatively, and perhapseven more
likely, theeventsreflectedby boththe exchangeratesof the
currenciesn questionmay have primarily affectedthe ref-
erencecurreng, in this casethe USD.

5. Conclusions

We have demonstratedhat through incorporatingthe
conceptof scale(resolution)to the representatiorof the
time seriestheWavelet Transformatiorenablesisto reveal
the scale-wiseorganisation(hierarchy)of features. Since
we areinterestedn only the largestfeaturesthesecorre-

spondto eventsat the largestof the scalesof decomposi-
tion. The task of selectingsuchfeaturescan be accom-
plishedusingthe (predefinednumberof WT maximaap-
pearingabove somelargest(predefinedjcaleof interest.

The WT allows usto evaluatethe scalefree parameters
of the isolatedsingularevents: relative scale,relative po-
sition, signandthe Holder exponent. We have shavn that
a setof suchfeaturescan sene for evaluatingthe (local)
correlationproductfor time series.
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